The limit of a large solute in the molecular theory of diffusion developed by Yamaguchi et al. [Yamaguchi T. et al., J. Chem. Phys., 2005, 123, 034504] is studied. By the limit, the Stokes approximation to the hydrodynamic equations is derived in the outside region of a diffusing solute. The limit of a large solute also leads to equations in the inside region of the solute. The analytical solution of the inside equation allows one to derive the boundary condition, which is needed on the surface of the solute when the hydrodynamic equations are calculated. The boundary condition includes stick and slip boundary conditions employed by the Stokes law, in the special case. Besides stick and slip conditions, other conditions can be expressed. The boundary condition depends on properties of a solvent.
Introduction
When a solute particle diffuses in a solution, a spatial distribution of solvent particles around the solute can largely affect the diffusion. Solvent particles distribute around the solute even when the solute does not move in the equilibrium state. A high density of solvent particles around the solute causes a decrease in a value of the diffusion coefficient. The distribution is directly affected by interaction between solute and solvent particles. Thus, by observing diffusion of the solute in the solvent, one can study solute-solvent interaction if the relationship between the interaction and diffusion is established.
Such effects of a solvent distribution have been observed by recent experiments on diffusion of proteins [1] [2] [3] . In the experiments, diffusion of Cytochrome c in water has been observed using the transient grating technique [1, 2] . Diffusion of Cytochrome c was three times slower after the formation of hydrogen bonds [1] . A distribution of solvent particles changed when the hydrogen bonds formed. One can expect this change to have caused a decrease in the value of the diffusion coefficient.
When a solute particle is large, a hydrodynamic effect is also important. Motions of a solute cause motions of solvent particles by collisions. Solvent particles moved by the solute collide with a solute, again. The collision affects diffusion of the solute. The effect turns out to be long ranged because the momentum of solvent and solute particles is conserved. The hydrodynamic effect is described by the Stokes law, which can be derived by applying the Stokes approximation to the hydrodynamic equations. The Stokes law can be derived from the Navier-Stokes equation including viscosity [4] . The approximation is given by the neglect of nonlinear advection terms.
The diffusion coefficient calculated using the Stokes law depends only on the size of a solute particle [4] . The expression does not include the other parameters of a solute. This shows that the hydrodynamic effect depends little on the particularities of interaction between solvent and solute particles.
The hydrodynamic effect has been shown to be dominant when a solute is ten times as large as a solvent particle, by recent simulations [5] . By the simulations, the diffusion coefficients were calculated in the systems of hard spheres with various size ratios between the solute and solvent. When the ratio was larger than about 10, the Stokes law was valid. A dominant hydrodynamic effect is shown by the validity of the Stokes law, because the other effects are not considered by the Stokes law.
The simulation results contrast with the experimental results. The size ratio of 10 employed by the simulation is similar to the ratio of Cytochrome c to water. The simulations with the ratio showed the validity of the Stokes law, which is not affected by a distribution of solvent particles. Thus, the experimental results contrast with the validity of the Stokes law because the hydrogen boding is important in the experiments.
Comparison of the simulations with the experiments on Cytochrome c clarifies the importance of attractive interaction between solute and solvent particles. Attractive interaction, such as hydrogen boding, was not considered by the simulations. The systems employed by the simulations consisted of hard spheres. In the experiments, however, attractive interaction plays an important role. Thus, one can expect that attractive interaction brings in experimental results in contrast to the results obtained by simulations.
To study the effects of attractive interaction theoretically, one needs a molecular theory giving the correct limit of a large solute. Whenever one studies diffusion of a large solute theoretically, the theories should have an exact asymptotic expression in the limit of a large solute. If the exact limit is not given, the diffusion coefficient calculated by the theory deviates from the exact value when a solute is large. The exact limit of a large solute is given by the diffusion coefficient proportional to 1/R where R is the radius of the solute. Apart from the correct limit, in order to study the effects of attractive interaction, one needs to explicitly deal with the interaction between solute and solvent particles.
A molecular theory of this kind turns out to be the mode coupling theory [6, 7] . The mode coupling theory has been widely employed when calculating the dynamical properties of liquids such as a diffusion coefficient [8] [9] [10] [11] . The mode coupling theory gives the correct limit of a large solute by the transverse coupling term [7] . Using the theory, one can consider a solvent distribution through the radial distribution function and the direct correlation function between the solute and solvent.
The mode coupling theory, however, cannot adequately deal with the effects of a solute on motions of solvent particles. In the mode coupling theory, motions of solvent particles are included by the dynamic structure factor and transverse current autocorrelation function in a bulk solvent [7] . They do not have the effects of a solute. One cannot neglect the effects of a solute on motions of solvent particles, when the interaction between solute and solvent particles is strong.
To deal with the effects of a solute on motions of solvent particles, Yamaguchi et al. have developed a new molecular theory [12] . The theory was formulated using the generalized Langevin equation [13] in an inhomogeneous system. They considered an inhomogeneous system, regarding the interaction between solute and solvent particles as an external field.
The theory developed by Yamaguchi et al. [12] can be obtained using the time dependent density functional method (TDDFM) [14] [15] [16] [17] [18] . One can derive the theory by Yamaguchi et al. [12] from the TDDFM, adding the memory effects and momentum conservation. In the same way as the theory by Yamaguchi et al. [12] , the TDDFM adequately deals with the attractive interaction. The equation of the TDDFM, however, does not include the terms of the memory effect. In addition, when the TDDFM is calculated, momentum does not conserve.
Using the TDDFM, the diffusion coefficients have been calculated [19] [20] [21] . The calculations did not agree with molecular dynamics simulations [19] . The disagreement was caused by the neglect of the momentum conservation. The basic equation of the TDDFM does not have the terms of memory effects as well. The diffusion coefficient, however, is not affected by the memory terms because one can calculate the diffusion coefficient only in case of obtaining the density field in the steady state.
Though the theory by Yamaguchi et al. [12] adequately deals with the solute effect on solvent motions, the correct limit of a large solute has never been proved so far. In the limit of a large solute, the diffusion coefficient should be proportional to 1/R. By their theory, Yamaguchi et al.
have numerically studied the diffusion of a large solute on their own [22] . These numerical studies showed the dependence of 1/R when the ratio between the solute and solvent radii was 8. The infinite limit, however, has never been exactly studied.
On the other hand, when considering diffusion of a large solute, one has a problem of the boundary condition. The boundary condition on the surface of the solute should be imposed to calculate the diffusion coefficient using the hydrodynamic equations. One usually assumes the stick or slip boundary condition. Whether the stick or slip boundary condition is assumed, one can obtain the dependence of 1/R, though the proportional coefficient is different.
None has clearly understood the relationship between the boundary condition and molecular theories. Though the boundary condition should be assumed in the hydrodynamic equations, they are not needed by molecular theories. This is because the molecular theories explicitly deal with interaction between the solute and solvent particles. On the other hand, molecular theories should agree with the hydrodynamic equations in the limit of a large solute. Thus, the boundary conditions can be derived from molecular theories by the limit of a large solute.
The theory developed by Yamaguchi et al. [12] turns out to be adequate to the study of the boundary conditions because the hydrodynamic equations can be derived from their theory. Using the molecular theory by Yamaguchi et al. [12] , one can derive the hydrodynamic equations with the boundary condition in the system of solute and solvent particles. Since the boundary condition is expressed by molecular parameters, one can understand the boundary condition at the molecular level.
The derivation of the hydrodynamic equations from the theory by Yamaguchi et al. [12] is easy because the basic equations are the same types as the hydrodynamics. They are the continuum equation for the density field and the equation of motion for the current density field. The equations of motion agree with the momentum conservation.
When the hydrodynamic equation is derived, the molecular theory by Yamaguchi et al. [12] contrasts with the mode coupling theory. Using the mode coupling theory, one can directly calculate the diffusion coefficient without equations of motion. The hydrodynamic equations cannot be derived from the mode coupling theory.
The purpose of the present study is to obtain the exact large-solute limit in the theory developed by Yamaguchi et al. [12] . In addition, the boundary condition is derived at the molecular level. The system consists of a spherical solute particle dissolved in spherical solvent particles. The limit of a large solute in the theory is analytically obtained in the system. The large-solute limit gives the boundary condition on the surface of the solute without any other assumptions.
A generalized Langevin equation theory in an inhomogeneous system
In the present study, a solute is fixed in a flowing solvent. The solvent particles have the velocity u at an infinite distance from the solute. The present system is equivalent to a system of a solute moving with the velocity of −u. Solute and solvent particles are simple liquids with spherical interaction. One can obtain the diffusion coefficient, calculating the density field for the flowing solvent particles in a steady state.
The steady-state density field of the flowing solvent particles is given using the theory developed by Yamaguchi et al. [12] by
where
Here, J(r) is the current density field at the steady state. It satisfies the boundary condition: J(r) → ρu at r → ∞, where ρ is the density of the solvent and r is the distance from the solute.
In equations (2) and (3), ρ eq (r) is the inhomogeneous equilibrium density field (u = 0). It depends explicitly on r because the solute affects the density field of the solvent. In equation (3), δρ(r) = ρ(r) − ρ eq (r) where ρ(r) is the density field at the nonequilibrium steady state.
In addition, M(r) is the tensor obtained by a random force, and c(r) is the direct correlation function of solvent particles. One can obtain M(r), integrating the time correlation function of a random force from t = 0 to ∞. The tensor M(r) and the direct correlation function c(r) are approximately given in the homogeneous system without the solute. Then, M(r) is explicitly expressed by [12] 
where k = |k| and U is the unit tensor. Here,K L (k) andK T (k) are the longitudinal and transverse parts of the time integral for the correlation function of a random force [12] . They are related to the dynamical structure factor and transverse current correlation function.
Equations (1) and (2) are the generalized Langevin equations [13] in an inhomogeneous system. The present inhomogeneity is caused by the solute. The density of solvent particles depends on the distance from the solute.
Equations (1) and (2) describe the inhomogeneous system by the equilibrium density field ρ eq (r). Because of ρ eq (r), equation (2) does not have the translational invariant. This contrasts with usual homogeneous generalized Langevin equations extensively employed in the study of the dynamics of liquids [8] . The inclusion of ρ eq (r) in equation (2) allows one to adequately deal with strong attractive interaction using the theory by Yamaguchi et al. [12] .
To derive equations (1) and (2), Yamaguchi et al. [12] had two approximations to the exact framework of the generalized Langevin equations [13] . The first approximation shows that a density fluctuation in the inhomogeneous system is given at the level of the hyper-netted chain theory [8] . From this approximation, one can calculate the direct correlation function c(r) by a homogeneous system without the solute. The second approximation is given by the random force in a homogeneous system. Thus, M(r) is given by equation (4) .
The theory developed by Yamaguchi et al. [12] is applied to the present solute-solvent system with assumptions on the inside of the solute. The assumption is given by ρ eq (r) = 0 for r R, where R is the radius of the solute. In addition,
is also assumed at r R. These are assumed because interaction between the solvent and solute particles diverges in all regions of r R.
Besides the assumptions about the inside, equations (1) and (2) are assumed to be valid in the whole space of the system. The validity on the inside of the solute, in particular, is assumed. In addition, M(r − r ) is assumed to be a smooth function. Then, the value of M(r − r ) is not zero even if a value of |r − r | is large.
From the assumptions, one can show that the velocity field v(r) defined by J(r)/ρ eq (r) does not diverge on the inside of the solute r < R. If v(r) diverges for r < R, the second term on the left hand side of equation (2) diverges in all regions. This is because M(r − r ) has a small value even for a large value of |r − r |. Then, equation (2) shows that the first term also diverges in all regions. Thus, v(r) does not diverge for r < R so that the first term in equation (2) does not diverge for r > R.
By the definition of the velocity field, one finds that the components except the radial direction can have a non-zero value on the inside of the solute. On the inside of the solute, the current density field J(r) and density field ρ eq (r) vanish. Since the velocity field v(r), however, is defined by the ratio of J(r) to ρ eq (r), it can have a value that is not zero.
On the other hand, the velocity field of the radial direction should vanish on the inside of the solute so that the velocity field does not diverge on the inside. If the velocity field of the radial direction is denoted by v r (r), using f (r) in equation (5), one can rewrite equation (1) by
Since v(r) does not diverge on the inside of the solute, equation (6) leads to v r (r) = 0
for r < R. In addition, the pressure P (r) in equation (2) should vanish on the inside of the solute. Equation (2) is written in the form −rf (r)P (r) + ∇P (r) + dr M(r − r )v(r ) = 0,
wherer is the unit vector of the radial direction. The first term diverges with f (r), though the third term dr M(r − r )v(r ) does not diverge. Thus, to satisfy equation (8), one has −f (r)P (r) + ∂P (r) ∂r = 0.
Solving the equation, one can obtain P (r) ∝ ρ eq (r) and P (r) = 0 for r < R.
Limits of a large solute in the molecular theory
The present section shows the limit of a large solute in the molecular theory introduced in the previous section. In the previous section, equations (1) and (2) were presented to study the steady state using the theory developed by Yamaguchi et al. [12] . In the present section, the limit of a large solute in equations (1) and (2) is given by R → ∞ withr ≡ r/R fixed when v(r) =v(r) and P (r) =P (r)/R are assumed.
The term of integration in equation (2) is first calculated in the limit of a large solute. The term in equation (2) is written in the form
In the limit of R → ∞, from equation (4), one has
where∇ denotes the gradient ofr and
Here, η and ζ are the shear and bulk viscosity. The substitution of equation (11) into equation (2) yields
Using the limit in the integration term, one can obtain the continuity of the velocity field on the surface of the solute. Equation (14) is the second differential equation of v(r). Thus, if the equations are valid in all regions, v(r) and its first derivative should continue even on the surface of the solute. The first derivative of the radial component v r (r), however, can be discontinuous because P (r) in equation (14) can be also discontinuous.
One can explicitly express the continuity of the velocity field by equations. To express the equations, the polar coordinate is introduced where the origin is the center of the solute with the z-axis parallel to the direction of u. Using the coordinate, one has
where v r (r), v θ (r) and v ψ (r) are the r, θ, and ψ-components of the velocity field. The limits of r → +R and r → −R denote the approach from the outside and inside of the solute to the surface. Equation (15) was obtained from equation (7). The next task for obtaining the limit of a large solute in equations (1) and (2) is to calculate the limit in the equilibrium density ρ eq (r). It is written in the form ρ eq (r) =ρ({r − R}/σ) = ρ({r − 1}R/σ) where σ is the radius of the solvent particle. Since ρ eq (r) = ρ 0 for r → ∞ and ρ eq (r) = 0 for r < R, ρ eq (r) is the step function given by
where ρ 0 is the homogeneous density andr = |r|. In the large-solute limit, equations (1) and (2) agree with the hydrodynamic equations derived using the Stokes approximation on the outside of the solute. For r > R orr > 1, from equation (20) , one has ρ eq (r) = ρ 0 . Thus, equations (1) and (14) are rewritten by
Here,r = r/R,v(r) = v(r), andP (r) = P (r)R were employed. These are exactly the same equations as the equations by the Stokes approximation.
On the other hand, one can also obtain the equations on the inside of the solute. Since P (r) = 0 for r < R, one can obtainr
Here,r is the unit vector of the radius direction, and Q(r) ≡ f (r)P (r) can have a finite value because f (r) → ∞ for r < R though P (r) = 0. Besides equation (23), one has equation (7) on the inside of the solute. By these equations, one can obtain the velocity field v(r) on the inside of the solute. The inside of the solute is connected with the outside using equations (15)- (19) . The equations on the inside of the solute can be solved by consideration of the symmetry. From the symmetry, one finds that only u and r are vectors given by the present system. Since v(r) is a vector, v(r) should be expressed by a linear combination of u and r. In addition, v(r) should be a linear function of u. To satisfy these conditions, one has
where g(r) and h(r) are functions of only r. One can explicitly obtain an analytical solution of the equations on the inside of the solute. Since equation (7) gives (r · v(r)) = 0, one has h(r) = −r 2 g(r). To calculate g(r), the tangental component of equation (23) is calculated by
where e θ is the unit vector of the θ-direction. The substitution of equation (24) into equation (25) yields g(r) = cr α−2 , where c is a constant independent of r,
andγ = γ/η. The solution on the inside of the solute leads to the boundary condition for the hydrodynamic equations with the Stokes approximation. From equation (24) with g(r) = cr α−2 and h(r) = −cr α , one has
for r < R. From equations (16) and (17), one can obtain
on r = R.
The obtained boundary condition can be different from the stick or slip condition, though it can agree with one of them. The stick boundary condition is obtained by equation (28) when α → ∞. In addition, the slip condition is obtained when α = 1. The present boundary condition, however, does not agree with that assumed in the Stokes law when 1 < α < ∞.
The present boundary condition is independent of solute properties. The boundary condition in equation (28) depends only on the value of α, which is given only by η and γ, as shown by equation (26) . The boundary condition, however, should depend on the state of the solute surface from the hydrodynamic viewpoint. This point will be discussed in section 4.
Discussion
The present study has shown the limit of a large solute in the molecular theory developed by Yamaguchi et al. [12] , on the inside and outside of the solute. On the outside of the solute, in the large-solute limit, the theory has agreed with the hydrodynamic equation derived by the Stokes approximation. One finds that their theory has a correct limit of a large solute in the diffusion coefficient, by the agreement. Thus, their theory can be employed to study diffusion of a large particle. On the other hand, on the inside of the solute, one can obtain an analytical solution, which leads to the boundary condition on the surface of the solute.
On the outside of the solute, the theory developed by Yamaguchi et al. [12] has agreed with the hydrodynamic equation derived by the Stokes approximation. Thus, the calculation by the theory gives the diffusion coefficient proportional to 1/R in the limit of a large solute. The asymptotic form is independent of the boundary condition on the surface of the solute. In spite of the stick, slip, and other boundary conditions, the same asymptotic form is obtained.
The agreement with the Stokes approximation allows one to employ the theory by Yamaguchi et al. [12] to study diffusion of a large solute. To study diffusion of a large solute, one needs a theory that is exact as R → ∞. The theory by Yamaguchi et al. [12] is satisfied with the condition.
On the other hand, on the inside of the solute, an analytical solution has been obtained using equations (7) and (9) showing that v r (r) and P (r) vanish on the inside. The limit of a large solute does not affect the validity of the equations (7) and (9) . Thus, the solution can be obtained even when equation (20) is not valid. The limit of M (r) in equation (2) , however, is required.
The analytical solution on the inside has led to some kinds of boundary conditions. They include not only the stick and slip boundary conditions but also other ones. The boundary conditions depend on the value of α in equation (26). The value is given by the property of the solvent. The boundary condition is not stick or slip if the value of α is not the unity or infinity.
When the diffusion coefficient is proportional to 1/R in the limit of a large solute, these boundary conditions affect the proportional coefficient. Denoting the proportional coefficient by a, one can express the asymptotic form of the diffusion coefficient by ak B T /(πηR). The slip and stick boundary conditions have a = 1/4 and 1/6.
The boundary condition different from the slip or stick condition has also been obtained in the previous studies. The proportional coefficient a = 1/5 was obtained using the mode coupling theory of hard spheres [6] . That is, the boundary condition was different from the slip or stick condition because the value of a was not a = 1/4 or 1/6. In addition, Yamaguchi et al. have numerically calculated the diffusion coefficient using the theory of their own [22] . The calculated diffusion coefficient deviated from that by the slip and stick boundary conditions.
The present boundary condition is independent of the solute property because the limiting theory of a large solute does not include any parameters of the solute except R. The property of the solute is presented by ρ eq (r) in the theory developed by Yamaguchi et al. [12] . When a solute is large, ρ eq (r) is approximately the step function given by equation (20) . It does not include the properties of the solute except R, which represents the position of the boundary. This is because the solute size does not affect the range of interaction between solute and solvent particles. Thus, the ratio of the range to R approaches zero as R → ∞.
The present result of the boundary condition contrasts with the hydrodynamic viewpoint. From the hydrodynamic viewpoint, the boundary condition depends on the state of the solute surface. The state of the solute surface is often expressed by the strength of friction on the surface of the solute.
From the hydrodynamic viewpoint, the stick or slip boundary condition is determined by friction on the surface of the solute. When friction is strong, the boundary condition approaches the stick condition. The slip condition is caused by weak friction. Friction of the solute surface depends on the interaction between solute and solvent particles at the molecular level.
One can study the effects of the solute on the boundary condition by the perturbative expansion from the limit of a large solute. If R → ∞, the boundary conditions are independent of the solute property. Thus, the boundary conditions can depend on the properties of the solute when R has a finite value. One can study the effects of the finite value of R if the basic equations are expanded in terms of 1/R. The boundary condition depends on the properties of the solute from the terms of the first order.
In addition, one can also study the diffusion of proteins by the perturbative expansion in 1/R. Since the present theory is formulated at R → ∞, one cannot consider the effects of the solvent distribution. The perturbative expansion allows one to consider the effects. One cannot calculate the diffusion coefficient of a protein unless the effects are considered, because the experiments showed the importance of the effects.
Numerical studies of the theory obtained by the perturbative expansion are a future work. The numerical studies are interesting because the calculated results can be compared with experiments on diffusion of proteins. In addition, the numerical calculations are easier than the original theory developed by Yamaguchi et al. [12] . The perturbative expansion theory requires studies on the limit of R → ∞. Thus, the present study is a first step in the development of the perturbative expansion theory.
